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Abstract We consider the renormalization group im-
provement in the theory of the Standard Model (SM)
Higgs boson playing the role of an inflaton with a strong
non-minimal coupling to gravity. At the one-loop level
with the running of constants taken into account, it
leads to a range of the Higgs mass that is entirely de-
termined by the lower WMAP bound on the cosmic
microwave background (CMB) spectral index. We find
that the SM phenomenology is sensitive to current cos-
mological data, which suggests to perform more pre-
cise CMB measurements as a SM test complementary
to the LHC program. By using the concept of a field-
dependent cutoff, we show the naturalness of the gra-
dient and curvature expansion in this model within the
conventional perturbation theory range of the SM. We
also discuss the relation of these results to two-loop
calculations and the limitations of the latter caused by
parametrization and gauge dependence problems.
Keywords Higgs boson · inflation
1 Introduction
The announcement of the Higgs boson discovery at the
LHC in a narrow mass range close to 125 GeV [1] draws
attention to the Higgs inflation model for the physics
of the early Universe. An obvious rationale behind this
is the anticipation that cosmological observations can
comprise SM tests complimentary to collider experi-
ments.
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While the relatively old work [2] had suggested that,
due to quantum effects, inflation depends not only on
the inflaton–graviton sector of the system, but is strongly
effected by the Grand Unified Theory (GUT) contents
of the particle model, the series of papers [3,4,5,6,7]
implemented this idea into the context of the SM, with
the Higgs field playing the role of an inflaton. This has
led to new interest in a once rather popular model [8,2,
9,10] with the Lagrangian of the graviton–inflaton sec-
tor given by
L(gµν , Φ) =
1
2
(
M2P + ξ|Φ|2
)
R− 1
2
|∇Φ|2 − V (|Φ|), (1)
V (|Φ|) = λ
4
(|Φ|2 − v2)2, |Φ|2 = Φ†Φ, (2)
where Φ is a scalar field multiplet, whose expectation
value plays the role of an inflaton and which has a
strong non-minimal curvature coupling with ξ ≫ 1.
Here, MP = mP/
√
8pi ≈ 2.4 × 1018 GeV is a reduced
Planck mass, λ is a quartic self-coupling of Φ, and v is
a symmetry breaking scale.
The motivation for this model was based on the ob-
servation [8] that the problem of an exceedingly small
quartic coupling λ ∼ 10−13, as dictated by the am-
plitude of primordial CMB perturbations [11], can be
circumvented by using a non-minimally coupled infla-
ton with a large value of ξ. Later, this model with the
GUT-type sector of matter fields was used to generate
initial conditions for inflation [2] within the concept of
the no-boundary [12] and tunneling cosmological state
[13]. The quantum evolution with these initial data was
considered in [9,14]. There, it was shown that quantum
effects are critically important for this scenario.
A similar theory, but with the SM Higgs boson Φ
playing the role of an inflaton instead of the abstract
GUT setup of [2,9], was suggested in [3]. In particular,
2it was advocated that the corresponding CMB data are
consistent with the WMAP observations in the tree-
level approximation of the theory.
The further history of this non-minmally coupled
Higgs inflation model was as follows. The methods of [2,
9,14] were used to extend the predictions in this model
to the one-loop level [4]. This has led immediately to
the lower bound on the Higgs mass MH ≈ 230 GeV,
originating from the observational restrictions on the
CMB spectral index [4]. However, this conclusion did
not take into account O(1) effects of the renormaliza-
tion group (RG) running, which qualitatively change
the situation. This was nearly simultaneously observed
in [6] and in [5], where the RG improvement of the one-
loop results of [4] has decreased the lower bound on the
Higgs mass to about 135 GeV.
Quantitatively, this result was confirmed in our pa-
per [16], where we suggested the RG improvement of
our one-loop results in [4] and found a range of the
Higgs mass that is compatible with the CMB; both the
lower and upper boundary of this range are determined
by the lower WMAP bound on the CMB spectral index,
ns ≈ 0.94. The predictions of this model have also been
extended to the two-loop approximation [6,7], which
has led to a reduction of the lower bound on the Higgs
mass range by about 10 GeV, which then nearly coin-
cides with the recently announced value of about 125
GeV.
Simultaneously with the papers advocating Higgs
inflation, including in particular its supersymmetric ex-
tension [17,18], there arose a number of objections to
this model. Apart from the strong assumption that no
“new physics” is present between electroweak (EW)
and inflation scales, it was criticized on the basis that
the predictions for Higgs inflation rely on perturba-
tion theory, which is only valid below the strong cou-
pling scale. The reason for this criticism is that, for flat
space perturbation theory with a vanishing Higgs field
background, this scale turns out to be MP/ξ, which is
much lower than the inflation scale MP/
√
ξ [22,20,21],
rendering the application of perturbation theory ques-
tionable. Moreover, the multi-component nature of the
Higgs field leads to the impossibility of canonically nor-
malizing all its components in the Einstein frame [22,
23,24] – the parametrization heavily employed in [6,7].
The Higgs inflation model was also discussed in [25]
in the approach of asymptotically safe gravity [26,27].
There, however, one does not use the model (1) with
large ξ, but instead exploits a rather miraculous nu-
merological observation – a certain relation between the
EW instability in the SM and the Planck scale [28,29].1
1The fixed point of the running coupling λ(t) occurs very
close to the Planck scale tP with λ(tP) = 0.
In spite of all these objections, the remarkable con-
formity of the LHC tests and the Higgs mass range
compatible with the CMB data makes this model ex-
tremely attractive. What remains disturbing is that this
agreement between various calculations [6,7,16], does
not exceed the O(1) precision. In fact, it does not go
beyond the order-of-magnitude observation made in the
first paper [4], which relates the WMAP data for the
red tilt of the CMB spectrum with the value of the
Higgs mass. If the Higgs boson indeed exists with a
mass near 125 GeV, then, according to [6,7], the two-
loop approximation will be really necessary to bring
Higgs inflation in accordance with EW physics. How-
ever, the difference of 10 GeV between the RG im-
proved one-loop result of [5,16] and the two-loop results
of [6,7] comprises a ten percent correction and thus,
at least naively, greatly exceeds the order-of-magnitude
correction λ/16pi2 ∼ 0.01 that one would expect in the
next order of the loop expansion. Despite this alerting
fact, the authors of [7,29] went beyond a simple esti-
mate of the Higgs mass range, leading to 126.1 GeV
≤MH ≤ 193.9 GeV, and meticulously established vari-
ous types of uncertainties contributing to its error bars
(uncertainties in the top quark mass, in the running
of strong coupling constant, theoretical uncertainties in
multi-loop contributions, etc.). Moreover, the original
motivation of deriving the Higgs mass from inflation [5,
7] has shifted to an analysis of the EW vacuum stability
within the asymptotic safety hypothesis [29], one of the
main conclusions of this work being that these stabil-
ity arguments automatically provide a consistent Higgs
inflation scenario. According to [29], this conclusion de-
pends very weakly on the way how the SM is embedded
into the gravitational context if the Higgs mass belongs
to a certain range close to the one suggested in [7].
It is hard to agree with this statement on the univer-
sality of such an embedding, because the non-minimal
coupling of the Higgs multiplet drastically changes the
RG running of the SM coupling constants. Moreover,
from the viewpoint of Higgs inflation, the meticulous
bookkeeping of error bars in the two-loop approxima-
tion of [7] and the two-loop approximation itself es-
sentially exceeds the available precision of the current
CMB data and, what is much more important, the theo-
retical status of quantum corrections to physical observ-
ables in inflation theory. If the cornerstone of the cosmo-
logical tests of the SM is to measure correlations of cos-
mological observables, then these observables should be
defined in a generally covariant manner. The problem
of their gauge-invariant definition on the background
of a fiducial FRW metric has been resolved long ago
in the linear order (see [30] and references therein) and
beyond [31], but in our case this fiducial metric be-
3comes a dynamical quantum mean field subject to effec-
tive equations of motion, and this drastically changes
the situation. Via this mean field, an essential gauge
and parametrization dependence enters the definition
of cosmological observables and this problem has not
yet been resolved. In particular, the debate of the Jor-
dan frame versus the Einstein frame calculations [4,5,
16,7] is a part of this parametrization dependence story.
Even the one-loop approximation might be sensitive to
nonlinear corrections, whereas in the two-loop approxi-
mation these corrections enter the game in full weight.
It is important that relevant ambiguities not only af-
fect the gravitational sector of the model, but also arise
in the purely SM sector leading to dependence on the
Higgs-multiplet parametrization.2
For these reasons, calculations beyond the one-loop
approximation do not seem useful, unless the problems
of the above type get a consistent resolution. There-
fore, in our discussion of the Higgs inflation below we
restrict ourselves to the one-loop results and their RG
improvement. In Sect. 2, we begin with the review of the
non-minimal Higgs inflation model and its CMB param-
eters when the tree-level potential of the Higgs-inflaton
field is replaced by the one-loop effective potential. In
Sects. 3 and 4, we recapitulate the results of the RG
improvement in this model with the running coupling
constants interpolating between the EW and inflation
scales, which leads to a definite range of the Higgs mass
compatible with the current CMB data [16]. In Sect. 5,
we analyse the validity of the gradient and curvature ex-
pansion and demonstrate its naturalness with the back-
ground dependent cutoff during the whole inflationary
and post-inflationary evolution. The naturalness of the
loop expansion for the effective potential was shown in
[21] in the Einstein frame of the theory, which leaves us
the hope that the potential parametrization (or frame)
independent formulation of the quantum Higgs inflation
model will guarantee the naturalness of this expansion,
too. In Sect. 6, we summarize and discuss our conclu-
sions and sketch future prospects of this model within
the ongoing quest for unifying the Higgs boson physics
with studies of the large-scale structure of the Universe.
2The effective potentials of the Higgs multiplet calcu-
lated within its Cartesian parametrization and spherical
parametrization are different off-shell, because the latter does
not include the contribution of Nambu–Goldstone (angular)
modes at all. This strongly affects solutions of effective equa-
tions of motion, in which a small but nonzero slope of the
effective potential provides a slow-roll regime of inflationary
dynamics. This is one of the sources of discrepancies between
the results of [16] and [5,7], which arise already in the one-
loop approximation.
2 CMB parameters in the non-minimal Higgs
inflation model
The usual understanding of non-renormalizable theo-
ries is that renormalization of higher-dimensional oper-
ators does not affect the renormalizable sector of low-
dimensional operators, because the former ones are sup-
pressed by powers of a cutoff – the Planck massMP [26].
Therefore, beta functions of the Standard Model sector
are not expected to be modified by gravitons.
The situation with the non-minimal coupling is more
subtle. Due to the mixing of the Higgs scalar field with
the longitudinal part of gravity in the kinetic term of
the Lagrangian (1), an obvious suppression of pure gravi-
ton loops by the effective Planck mass, M2P + ξϕ
2 ≫
M2P, proliferates for large ξ to the sector of the Higgs
field, so that certain parts of the beta functions are
strongly damped by a large ξ [32,6]. Therefore, a spe-
cial combination of coupling constants A which we call
anomalous scaling [2] becomes very small that decreases
the Higgs mass lower bound and makes it compatible
with the CMB observational data. The importance of
this quantity follows from the fact observed in [2,9,4]
that, due to large ξ, quantum effects and their CMB
manifestation are universally determined byA. The na-
ture of this quantity is as follows.
Let the model contain in addition to (1) also a set of
scalar fields χ, vector gauge bosons Aµ and spinors ψ,
which have an interaction with Φ dictated by the local
gauge invariance. If we denote by ϕ the inflaton – the
only nonzero component of the mean value of Φ in the
cosmological state, then the quantum effective action
of the system takes the generic form
S[gµν , ϕ] =
∫
d4x g1/2 (−V (ϕ) + U(ϕ)R(gµν)
− 1
2
G(ϕ) (∇ϕ)2 + ...
)
, (3)
where V (ϕ), U(ϕ) and G(ϕ) are the coefficients of the
derivative expansion, and we disregard the contribution
of higher-derivative operators that are negligible in the
slow-roll approximation of the inflation theory. In this
approximation, the dominant quantum contribution to
these coefficients comes from the heavy massive sector
of the model. In particular, the masses of the physi-
cal particles and Goldstone modes m(ϕ), generated by
their quartic, gauge and Yukawa couplings with ϕ, give
rise to the Coleman–Weinberg potential – the one-loop
contribution to the effective potential V in (3). Since
m(ϕ) ∼ ϕ, for large ϕ this potential is given by the
following sum of boson and fermion contributions:
V 1−loop(ϕ) =
∑
particles
(±1) m
4(ϕ)
64pi2
ln
m2(ϕ)
µ2
4=
λA
128pi2
ϕ4 ln
ϕ2
µ2
+ ... (4)
and thus determines the dimensionless coefficient A –
the anomalous scaling associated with the normaliza-
tion scale µ in (4). Moreover, for ξ ≫ 1 it is mainly
this quantity and the dominant quantum correction to
U(ϕ) [16],
U1−loop(ϕ) =
3ξλ
32pi2
ϕ2 ln
ϕ2
µ2
+ ... , (5)
which determine the quantum rolling force in the ef-
fective equation of the inflationary dynamics [9,14] and
which yield the parameters of the CMB generated dur-
ing inflation [4].
Inflation and the CMB are easy to analyse in the
Einstein frame of fields, denoted by gˆµν , ϕˆ, in which
the action Sˆ[gˆµν , ϕˆ] = S[gµν , ϕ] has a minimal coupling
Uˆ =M2P/2, a canonically normalized inflaton field Gˆ =
1, and the new inflaton potential Vˆ =M4PV (ϕ)/4U
2(ϕ).3
At the inflationary scale with ϕ > MP/
√
ξ ≫ v and
ξ ≫ 1, this potential reads
Vˆ =
λM4P
4 ξ2
(
1− 2M
2
P
ξϕ2
+
AI
16pi2
ln
ϕ
µ
)
, (6)
where the parameterAI represents the anomalous scal-
ing (see (15) below) modified by the quantum correction
to the non-minimal curvature coupling (5),
AI = A− 12λ
=
3
8λ
(
2g4 +
(
g2 + g′2
)2 − 16y4t)− 6λ. (7)
This quantity – which we shall call inflationary anoma-
lous scaling – enters the expressions for the slow-roll
parameters,
εˆ ≡ M
2
P
2
(
1
Vˆ
dVˆ
dϕˆ
)2
, ηˆ ≡ M
2
P
Vˆ
d2Vˆ
dϕˆ2
, (8)
and ultimately determines all the inflation characteris-
tics. In particular, the smallness of εˆ yields the range
of the inflationary stage ϕ > ϕend, terminating at a
value of εˆ which we choose to be εˆend = 3/4. Under the
natural assumption that perturbation expansion is ap-
plicable for AI/64pi
2 ≪ 1, the inflaton value at the exit
from inflation then equals ϕend ≃ 2MP/
√
3ξ. The value
of ϕ at the beginning of the inflation stage of duration
N in units of the e-folding number then reads [4]
ϕ2 =
4N
3
M2P
ξ
ex − 1
x
, (9)
x ≡ NAI
48pi2
, (10)
3The Einstein and Jordan frames are related by the equations
gˆµν = 2U(ϕ)gµν/M2P, (dϕˆ/dϕ)
2 =M2
P
(GU + 3U ′2)/2U2.
where the special parameter x directly involves the anoma-
lous scaling AI .
This relation determines the Fourier power spec-
trum for the scalar metric perturbation ζ, ∆2ζ(k) ≡
〈k3ζ2
k
〉 = Vˆ /24pi2M4Pεˆ, where the right-hand side is
taken at the first horizon crossing, k = aH , relating the
comoving perturbation wavelength k−1 to the e-folding
number N ,
∆2ζ(k) =
N2
72pi2
λ
ξ2
(
ex − 1
x ex
)2
. (11)
The CMB spectral index ns ≡ 1 + d ln∆2ζ/d lnk =
1− 6εˆ+ 2ηˆ and the tensor to scalar ratio r = 16εˆ cor-
respondingly read as4
ns = 1− 2
N
x
ex − 1 , (12)
r =
12
N2
(
xex
ex − 1
)2
. (13)
Therefore, with the spectral index constraint 0.948 <
ns(k0) < 0.986 (the combinedWMAP+SPT+BAO+H0
data at the 2σ confidence level with the pivot point k0 =
0.002 Mpc−1 [34,35] corresponding to N ≃ 60) , these
relations immediately give the range −12 < AI < 14
for the inflationary anomalous scaling [4].
In the SM, A is expressed in terms of the masses
of the heaviest particles – W± boson, Z boson and top
quark,
m2W =
1
4
g2 ϕ2, m2Z =
1
4
(g2 + g′2)ϕ2,
m2t =
1
2
y2t ϕ
2, (14)
and the mass of the three Goldstone modes m2G =
V ′(ϕ)/ϕ = λ(ϕ2 − v2) ≃ λϕ2. Here, g and g′ are
the SU(2) × U(1) gauge couplings, gs is the SU(3)
strong coupling, and yt is the Yukawa coupling for the
top quark. At the inflation stage, the Goldstone mass-
squared m2G is non-vanishing, in contrast to its zero
on-shell value in the EW vacuum [36]. Therefore, Eq.
(4) gives the expression
A =
3
8λ
(
2g4 +
(
g2 + g′2
)2 − 16y4t)+ 6λ. (15)
In the conventional range of the Higgs mass 115 GeV≤
MH ≤ 180 GeV [37], this quantity lies at the EW scale
in the range −48 < A < −20, which strongly contra-
dicts the CMB range given above.
However, the RG running of coupling constants is
strong enough and drives A to the CMB compatible
4Note that for |x| ≪ 1 these predictions exactly coincide
with those [40] of the f(R) = M2
P
(R + R2/6M2)/2 infla-
tionary model [41] with the scalar particle (scalaron) mass
M =MP
√
λ/
√
3ξ.
5range at the inflation scale. Below we show that the
formalism of [4] stays applicable but with the EW A
replaced by the running A(t), where t = ln(ϕ/µ) is
the running scale of the renormalization group (RG)
improvement of the effective potential [38].
3 RG improvement
According to the Coleman–Weinberg technique [38], the
one-loop RG improved effective action has the form (3),
with
V (ϕ) =
λ(t)
4
Z4(t)ϕ4, (16)
U(ϕ) =
1
2
(
M2P + ξ(t)Z
2(t)ϕ2
)
, (17)
G(ϕ) = Z2(t). (18)
Here, the running scale t = ln(ϕ/Mt) is normalized at
the top quark mass µ =Mt (we denote physical (pole)
masses by capital letters in contrast to running masses,
see (14) above).5 The running couplings λ(t), ξ(t) and
the field renormalization Z(t) incorporate a summation
of powers of logarithms and belong to the solution of
the RG equations
dgi
dt
= βgi ,
dZ
dt
= γZ (19)
for the full set of coupling constants
gi = (λ, ξ, g, g
′, gs, yt)
in the “heavy” sector of the model with the correspond-
ing beta functions βgi and the anomalous dimension γ
of the Higgs field.
An important subtlety for these β functions is the ef-
fect of the non-minimal curvature coupling of the Higgs
field. For large ξ, the kinetic term of the tree-level action
has a strong mixing between the graviton hµν and the
quantum part of the Higgs field σ on the background
ϕ. Symbolically, it has the structure
(M2P + ξ
2ϕ2)h∇∇h+ ξϕσ∇∇h+ σ△σ,
which yields a propagator whose elements are suppressed
by a small 1/ξ-factor in all blocks of the 2× 2 graviton-
Higgs sector. For large ϕ ≫ MP/
√
ξ, the suppression
of pure graviton loops is, of course, obvious because
the effective Planck mass squared strongly exceeds the
Einstein one, M2P + ξϕ
2 ≫ M2P. Due to the mixing,
this suppression proliferates to the full graviton-Higgs
sector of the theory and yields the Higgs propagator
5Application of the Coleman–Weinberg technique removes
the ambiguity in the choice of the RG scale in cosmology
– an issue discussed in [39].
s(ϕ)/(△−m2H), which contains the suppression factor
s(ϕ) given by
s(ϕ) =
M2P + ξϕ
2
M2P + (6ξ + 1)ξϕ
2
. (20)
This mechanism [32,9,14] modifies the beta func-
tions of the SM sector [6] at high energy scales because
the factor s(ϕ), which is close to one at the EW scale
v ≪ MP/ξ, is very small for ϕ ≫ MP/
√
ξ, s ≃ 1/6ξ.
Such a modification justifies, in fact, the extension be-
yond the scale MP/ξ which is interpreted in [19,20] as
a natural validity cutoff of the theory.6
There is another important subtlety with the mod-
ification of beta functions, which was disregarded in [6]
(and in the first version of [16]). Goldstone modes, in
contrast to the Higgs particle, do not have mixing with
gravitons in the kinetic term [7]. Therefore, their con-
tribution is not suppressed by the s-factor of the above
type. Separation of Goldstone contributions from the
Higgs contributions leads to the following modification
of the one-loop beta functions, which strongly differs
from that of [6] (cf. also [43]):
βλ =
λ
16pi2
(
18s2λ+A(t)
)− 4γλ, (21)
βξ =
6ξ
16pi2
(1 + s2)λ− 2γξ, (22)
βyt =
yt
16pi2
(
−2
3
g′2 − 8g2s +
(
1 +
s
2
)
y2t
)
− γyt, (23)
βg = −39− s
12
g3
16pi2
, (24)
βg′ =
81 + s
12
g′3
16pi2
, (25)
βgs = −
7g3s
16pi2
. (26)
Here, the anomalous dimension γ of the Higgs field is
given by the standard expression in the Landau gauge,
γ =
1
16pi2
(
9g2
4
+
3g′2
4
− 3y2t
)
, (27)
6The cutoff MP/ξ ≪ MP of [19,20] applies to energies (mo-
menta) of scattering processes in flat spacetime with a small
EW value of ϕ. For the inflation stage on the background of
a large and alsmost constant ϕ, this cutoff gets modified due
to the increase in the effective Planck mass M2
P
+ ξϕ2 ≫M2
P
(and the associated decrease of the s-factor (20) – resum-
mation of terms treated otherwise as perturbations in [19]).
As was claimed in [21], such a background dependent cutoff
scale remains higher than the dynamical scale throughout the
whole history of the Universe, including inflation, reheating
and low-energy physics in the present Universe apart from
a short period during the middle stage of reheating when ϕ
is oscillating and is of the order of MP /ξ. But in the renor-
malization group approach we consider the sequence of back-
ground configurations with an almost constant scalar field ϕ
and need not follow the actual evolution of ϕ(t) through the
history of the Universe (see the discussion in Sects. 5 and 6
below).
6the anomalous scaling A(t) is defined by (15), and we
have retained only the leading terms in ξ ≫ 1. In what
follows, it will be important that this anomalous scaling
contains the Goldstone contribution 6λ, so that the full
βλ in (21) has a λ
2-term unsuppressed by s(ϕ) at large
scale t = ln(ϕ/µ).
The inflationary stage in units of Higgs field e-fold-
ings is very short, which allows one to use an approxi-
mation linear in ∆t ≡ t− tend = ln(ϕ/ϕend), where the
initial data point is chosen at the end of inflation tend.
Therefore, for the beta functions (21) and (22) with
s≪ 1 we have
λ(t) = λend
(
1− 4γend∆t+ A(tend)
16pi2
∆t
)
, (28)
ξ(t) = ξend
(
1− 2γend∆t+ 6λend
16pi2
∆t
)
, (29)
where λend, γend, ξend are determined at tend, andAend =
A(tend) is the particular value of the running anoma-
lous scaling (15) at the end of inflation.
On the other hand, the RG improvement of the ef-
fective action (16)–(18) implies that this action coin-
cides with the tree-level action for a new field ϕ˜ = Z(t)ϕ
with running couplings as functions of t = ln(ϕ/µ) (the
running of Z(t) is slow and affects only the multi-loop
RG improvement). Then, in view of (16)–(17), at the
inflationary stage the RG improved potential takes the
form of the one-loop potential (6) for the field ϕ with
a particular choice of the normalization point µ = ϕend
and all the couplings replaced by their running values
taken at tend. Therefore, the formalism of [4] can be di-
rectly applied to find the parameters of the model rel-
evant for the CMB data, which now turn out to be de-
termined by the running anomalous scalingAI(t) taken
at tend .
In contrast to the inflationary stage, the post - in-
flationary running is very large and requires numerical
simulation [16]. One of the reasons for this is that the
assumption of an almost constant ϕ background is bro-
ken at this stage. We fix the t = 0 initial conditions for
the RG equations (19) at the top quark scaleMt = 171
GeV. For the constants g, g′ and gs, they read [37]
g2(0) = 0.4202, g′2(0) = 0.1291, g2s(0) = 1.3460, (30)
where g2(0) and g′2(0) are obtained by a simple one-
loop RG flow from the conventional values of α(MZ) ≡
g2/4pi = 0.0338, α′(MZ) ≡ g′2/4pi = 0.0102 at MZ-
scale, and the value g2s(0) at Mt is generated by the
numerical program of [44]. The analytical algorithm of
transition between different scales for g2s was presented
in [45]. For the Higgs self-interaction constant λ and for
the Yukawa top quark interaction constant yt, the ini-
tial conditions are determined by the pole mass match-
ing scheme originally developed in [46] and presented
in the Appendix of [47].
The initial condition ξ(0) follows from the CMB nor-
malization (11), ∆2ζ ≃ 2.5 × 10−9, at the pivot point
k0 = 0.002 Mpc
−1 [34], which we choose to correspond
to N ≃ 60 (this value is close to that proposed in [48]).
This yields the following estimate for the ratio of cou-
pling constants,
1
Z2in
λin
ξ2in
≃ 0.5× 10−9
(
xin expxin
expxin − 1
)2
, (31)
at the moment of the first horizon crossing for N = 60,
which we call the “beginning” of inflation and label by
tin = ln(ϕin/Mt) with ϕin defined by (9). Thus, the RG
equations (19) for the six couplings (g, g′, gs, yt, λ, ξ)
with five initial conditions and the final condition for ξ
uniquely determine the needed RG flow.
The RG flow covers also the inflationary stage from
the chronological end of inflation tend to tin. At the
end of inflation we choose the value of the slow roll pa-
rameter εˆ = 3/4, and ϕend ≡ Mtetend ≃ MP
√
4/3ξend.
Thus, the duration of inflation in units of inflaton field
e-foldings tin − tend = ln(ϕin/ϕend) ≃ lnN/2 ∼ 2 [16]
is very short relative to the post-inflationary evolution
tend ∼ 35. The approximation linear in the logarithms
implies the bound |AI(tend)|∆t/16pi2 ≪ 1, which in
view of∆t < tin−tend ≃ lnN/2 holds for |AI(tend)|/16pi2
≪ 0.5.
4 Numerical results
The running of A(t) depends strongly on the behaviour
of λ(t). For small Higgs masses, the usual RG flow in the
SM leads to an instability of the EW vacuum caused by
negative values of λ(t) in a certain range of t [49,47].
The same happens in the presence of a non-minimal
curvature coupling. The numerical solution for λ(t) is
MH=134.27
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Fig. 1 Running λ(t) for five values of the Higgs mass above
the instability threshold. Dashed curves mark the boundaries
of the inflation domain tend ≤ t ≤ tin [16].
7shown in Fig.1 for five values of the Higgs mass and the
value of top quark massMt = 171 GeV. The lowest one
corresponds to the boundary of the instability window,
M instH ≃ 134.27 GeV, (32)
for which λ(t) bounces back to positive values after van-
ishing at tinst ∼ 41.6 or ϕinst ∼ 80MP. The shape of the
corresponding effective potential in the Einstein frame
is depicted in Fig. 2 and shows the existence of a false
vacuum at this instability scale. It turns out that the
tintend
MH=134.27 GeV
30 32 34 36 38 40 42 44
0
2.´10-12
4.´10-12
6.´10-12
8.´10-12
t=ln H j MtL
Vï
Hj
L
M
P
4
Fig. 2 The Einstein frame effective potential for the insta-
bility threshold M inst
H
= 134.27 GeV. A false vacuum occurs
at the instability scale tinst ≃ 41.6, ϕinst ∼ 80MP, which
is much higher than the Planck scale. A possible domain of
inflation (ruled out by the lower ns CMB bound) is again
marked by dashed lines [16].
relevant ξ(t) is nearly constant and is about 5000 (see
below), so that the factor (20) at tinst is very small,
s ≃ 1/6ξ ∼ 0.00005. Thus the situation is different
from the usual SM with s = 1, and numerically the
critical value turns out to be higher than the known
SM stability bound ∼ 125 GeV [47].
Figure 1 shows that near the instability threshold
MH =M
inst
H the running coupling λ(t) stays very small
for all scales t relevant to the observable CMB. This
follows from the fact that the positive running of λ(t)
caused by the term (18s2 + 6)λ2 in βλ, (see (21)), is
much slower for s≪ 1 than that of the usual SM driven
by the term 24λ2.
The RG running of AI(t) explains the main differ-
ence from the results of the one-loop calculations in
[4]. AI(t) runs from big negative values AI(0) < −20
at the EW scale to small but also negative values at
the inflation scale below tinst. This makes the CMB
data compatible with the generally accepted Higgs mass
range. Indeed, the knowledge of the RG flow immedi-
ately allows one to obtainAI(tend) and xend and thus to
find the parameters of the CMB power spectrum (12)–
(13) as functions of MH. The parameter of primary
interest – the spectral index – is given by (12) with
x = xend ≡ NAI(tend)/48pi2 and depicted in Fig. 3.
Even for low values of the Higgs mass above the sta-
bility bound, ns falls into the range admissible by the
CMB constraint existing now at the 2σ confidence level
(based on the combined WMAP+SPT+BAO+H0 data
[34,35]) 0.948 < ns(k0) < 0.986.
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Fig. 3 The spectral index ns as a function of the Higgs mass
MH for three values of the top quark mass [16].
The spectral index drops below 0.95 only for large
xend < 0 or large negative AI(tend), which happens
only when MH either approaches the instability bound
or exceeds 180 GeV at the decreasing branch of the
ns graph. Thus we get lower and upper bounds on the
Higgs mass, which both follow from the lower bound of
the CMB data. Numerical analysis for the correspond-
ing xend ≃ −1.4 gives for Mt = 171 GeV the following
range for the CMB compatible Higgs mass:
135.6 GeV ≤MH ≤ 184.5 GeV. (33)
Both bounds belong to the nonlinear domain of (12)
with xend ≃ −1.4, but the quantity |AI(tend)|/16pi2 =
0.07 ≪ 0.5 satisfies the restriction mentioned above,
and their calculation is still in the domain of our linear
in logs approximation.
The upper bound on ns does not generate restric-
tions on MH. The lower CMB bound in (33) is slightly
higher than the instability bound M instH = 134.27 GeV.
In turn, this bound depends on the initial data for weak
and strong couplings and on the top quark mass Mt,
which is known with less precision. The above bounds
were obtained forMt = 171 GeV. Results for the neigh-
boring valuesMt = 171±2 GeV are presented in Fig. 3
to show the pattern of their dependence on Mt.
85 Gradient and curvature expansion cutoff and
naturalness
The expression (3) is a truncation of the curvature and
derivative expansion of the full effective action. It was
repeatedly claimed that with large ξ the weak field
version of this expansion on a flat (and empty) space
background has a cutoff 4piMP/ξ [19,20]. This scale is
essentially lower than the Higgs field during inflation
ϕ ∼MP/
√
ξ and, therefore, seems to invalidate predic-
tions based on (3) unless an unnatural suppression of
higher-dimensional operators is assumed. The attempt
to improve the situation by transition to the Einstein
frame [50] was claimed to fail [22,23,24] for a multiplet
Higgs field involving Nambu-Goldstone modes.
In the following, we show that these objections against
naturalness are not conclusive. First, as mentioned above,
a large and almost constant value of ϕ during inflation is
not really indicative of a large energy scale of the prob-
lem. In contrast to curvature and energy density, the
inflaton itself is not a physical observable, but rather
a configuration space coordinate of the model. Second,
we now show that the inflation scale actually lies be-
low the gradient expansion cutoff, and this justifies the
naturalness of the obtained results. No transition to an-
other conformal frame is needed for this purpose, but
rather a resummation accounting for a transition to a
large ϕ background.
Indeed, the main peculiarity of the model (1) is
that in the background field method with small deriva-
tives the role of the effective Planck mass is played by√
M2P + ξϕ
2. Note that this effect is not a quantum one,
it arises already at the tree level. The power-counting
method of [19] underlying the derivation of the cutoff
4piMP/ξ also applies here, but with the Planck mass
MP replaced by the effective one,MP →
√
M2P + ξϕ
2 >√
ξϕ. The resulting cutoff is thus bounded from below
by
Λ(ϕ) =
4piϕ√
ξ
, (34)
and this bound can be used as a running cutoff of the
gradient and curvature expansion. The origin of this
cutoff can be demonstrated in the one-loop approxi-
mation. When calculated in the Jordan frame, for the
one-loop divergences quadratic in the curvature R the
dominating ξ contribution is (this can be easily deduced
from Appendix of [16])
ξ2
R2
16pi2
. (35)
As compared to the tree-level part linear in the curva-
ture ∼ (M2P + ξϕ2)R, the one loop R2-term turns out
to be suppressed by the above cutoff factor 16pi2(M2P+
ξϕ2)/ξ2 ≃ Λ2.
The on-shell curvature estimate at the inflation stage
reads R ∼ V/U ∼ λϕ2/ξ in the Jordan frame, so that
the resulting curvature expansion runs in powers of
R
Λ2
∼ λ
16pi2
(36)
and remains valid in the usual perturbation theory range
of SM, for which λ/16pi2 ≪ 1. This works perfectly
well in our Higgs inflation model, because in the full
CMB-compatible range of the Higgs mass one has λ <
2 (see Fig. 1). The characteristic energy of quantum-
gravitational fluctuations during inflation (sometimes
referred as the Gibbons-Hawking temperature) E ∼√
R ∼ √λϕ/√ξ is also much lower than the cutoff (34).
From the viewpoint of the gradient expansion for ϕ,
this cutoff is even more efficient. Indeed, the inflaton
field gradient can be expressed in terms of the infla-
ton potential Vˆ and the inflation smallness parameter εˆ
taken in the Einstein frame, ϕ˙ ≃ (ϕ2/M2P)(ξεˆVˆ /18)1/2.
With Vˆ ≃ λM4P/4ξ2, this immediately yields the gradi-
ent expansion in powers of
∂
Λ
∼ 1
Λ
ϕ˙
ϕ
≃
√
λ
48pi
√
2εˆ, (37)
which is even better than (36) by a factor ranging from
1/N at the beginning of inflation to O(1) at the end of
it.
Equations (36) and (37) justify the effective action
truncation in (3) in the inflationary domain. Thus, only
multi-loop corrections to the coefficient functions V (ϕ),
U(ϕ), and G(ϕ) in the form of higher-dimensional oper-
ators (ϕ/Λ)n may stay beyond control and violate the
flatness of the effective potential necessary for inflation.
However, in view of the form of the running cutoff (34)
they might be large, but do not affect the shape of
these coefficient functions because of the field indepen-
dence of the ratio ϕ/Λ. Only the logarithmic running of
couplings in (16)–(18) controlled by the RG dominates
the quantum input in the inflationary dynamics and its
CMB spectra.7
The attempt to justify this treatment was under-
taken in [21] where the class of theories was formu-
lated, in which the low-energy RG flow seems being pro-
tected from the arbitrariness of a UV completion. This
is a class of models possessing asymptotic scale invari-
ance (or inflaton shift invariance in the Einstein frame)
treated within the minimal subtraction scheme totally
discarding power divergences. The authors of [21] claim
that due to the asymptotic shift symmetry of the model
in the Einstein frame the field-dependent cutoff at the
7This is like the logarithmic term in (6), which dominates
over the nearly flat classical part of the inflaton potential and
qualitatively modifies the tree-level predictions of the theory
[4].
9inflation scale is much higher than (34) and is given
by ΛE ∼
√
ξϕ. This strongly supports the naturalness
of Higgs inflation along with its consistency at the re-
heating and Big Bang stages and allows the authors of
[21] to implement perturbation expansion in inflation
smallness parameters, similar to (37). Unfortunately, a
large value of their cutoff compared to (34) follows from
the fact that in [21] it was identified from the violation
of only tree-level unitarity, whereas the quantum cor-
rections were estimated only in the scalar sector and
specifically in the Einstein frame. The situation with
gravitational counterterms and radiative corrections is
trickier. It is only in this frame that the strongest cur-
vature squared counterterm (when recalculated back to
the Jordan frame metric) is O(1)R2/16pi2 rather than
(35). This nontrivial fact of frame dependence was dis-
covered in the old paper [32]. Interestingly, a small R2-
counterterm appears also in the Jordan frame in the
case of a scalar singlet, because the non-minimally cou-
pled N -plet scalar field generates a one-loop countert-
erm ∼ ξ2(N − 1)R2 [52], but this miraculous cancela-
tion for N = 1 does not work for the physical four-
component Higgs field.
6 Conclusions and discussion
The lower limit of the Higgs mass range compatible
with the CMB data for the spectral index of the power
spectrum, which we have obtained above in (33), is
about 10 GeV higher than the value of the Higgs mass
announced at CERN [1]. As advocated in [7], the needed
decrease of the lower bound on MH can be achieved
by the inclusion of two-loop corrections. But as dis-
cussed in the Introduction, these corrections are not
really legitimate unless we resolve a number of theoret-
ical issues associated with the gauge-independent and
parametrization-independent definition of the cosmo-
logical characteristics of the observable CMB. Thus, the
result (33) should not be regarded as falsifying Higgs
inflation. Moreover, preliminary calculations show that
two-loop running of coupling constants indeed has a
tendency to decreasing the lower bound of (33) like in
[7]. All this opens interesting prospects for further stud-
ies of this model.
In this respect, a lot of work has to be done to re-
consider the results of [6,7] usually referred to as two-
loop applications in Higgs inflation model. Despite a
good agreement of their conclusions with the currently
pending range around 125 GeV for the Higgs mass,
the variety of discrepancies between these works (and
also at the one-loop level with our paper [16]) brings
up a lot of concern about the source of these discrep-
ancies and ambiguities. Apart from pointing out to a
general issue of gauge and parametrization dependence
discussed in the Introduction, we do not list these am-
biguities here.8 Regarding the critique to be drawn on
the asymptotic safety approach to the EW stability of
the Higgs inflation model in [29], we might focus on
the picture of the effective potential in Fig. 2 at the
critical value of the Higgs mass. In contrast to antic-
ipations that the gravitational embedding of the SM
affects the relation between the Fermi scale and the
Planck fixed point only weakly (a pivotal observation
that the scale of this point with great precision turns
out to be the Planck one [29]), we see from this fig-
ure that with a large nonminimal ξ ∼ 5000 the scale
of this point is about 80MP ≫ 1MP. This means that
this property, which served as a strong motivation for
this approach, is in fact very sensitive to the type of
the gravitational embedding, or at least strongly frame
and parametrization dependent. This gives additional
motivation to seriously reconsider this approach within
explicit perturbation theory calculations.
In conclusion, let us summarize the findings of our
work. The result (33) is based on the RG improvement
of the analytical formalism in [4]. A peculiarity of this
formalism is that for large ξ ≫ 1 the effect of SM phe-
nomenology on inflation is universally encoded in one
quantity – the inflationary anomalous scaling AI . It
was earlier introduced in [2] for a generic gauge theory
and is dominated in the SM by contributions of heavy
particles – (W±, Z)-bosons, top quark, and Goldstone
modes. The RG running raises a large negative EW
value of AI to a small negative value at the inflation
scale. This ultimately leads to the range (33) for the
Higgs masses compatible with the CMB data.
This mechanism can be interpreted as asymptotic
freedom, because AI/64pi
2 determines the strength of
quantum corrections in inflationary dynamics [9,4]. Usu-
ally, asymptotic freedom is associated with the asymp-
totic decrease of some running coupling constants to
zero. Here, this phenomenon is trickier because it oc-
curs in the interior of the range and fails near its lower
and upper boundaries. Quantum effects are small only
in the middle part of (33) with a moderately small λ,
where ns is close to the “classical” limit 1−2/N ≃ 0.967
for x ≡ NA/48pi2 ≪ 1. Thus, the original claim of [5]
on the smallness of quantum corrections is right, but
8One of the possible inconsistencies of the two-loop treatment
in [7] may be the fact that the two-loop effective potential
is taken from the Cartesian coordinates calculation of [51],
whereas the chiral phase of the SM employed in this work
requires a spherical parametrization in terms of radial Higgs
and angular Goldstone modes. Simple nullification of Nambu-
Goldstone masses might be not enough for the transition from
the result of [51] to this parametrization.
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this smallness, wherever it takes place, is achieved via
a RG summation of big leading logarithms.
We have also demonstrated the naturalness of the
gradient and curvature expansion in this model, which
is guaranteed within the conventional perturbation the-
ory range of SM, λ/16pi2 ≪ 1, and which holds in the
whole range of the CMB compatible Higgs mass (33) –
the latter property being a consequence of the asymp-
totic freedom of the above type. This result is achieved
by the background field resummation of weak field per-
turbation theory, leading to the replacement of the fun-
damental Planck mass in the known cutoff 4piMP/ξ [19,
20] by the effective one. Partly (modulo corrections to
inflaton potential, which are unlikely to spoil its shape),
this refutes the objections of [19,20] based on the analy-
sis of scattering amplitudes in EW vacuum background.
The smallness of the cutoff in this background does not
contradict the physical bounds on the Higgs mass orig-
inating from the CMB data, for the following reasons.
The determination of MH takes place, of course, at
the TeV scale, which is much below the non-minimal
Higgs cutoff 4piMP/ξ, whereas inflationary dynamics
and CMB formation occur for λ/16pi2 ≪ 1 below the
running cutoff Λ(ϕ) = 4piϕ/
√
ξ. It is the phenomenon
of inflation which due to an exponentially large stretch-
ing connects these two scales and allows one to probe
the physics of the underlying SM by CMB observations
at the 500 Mpc wavelength scale.
Before summing up, let us formulate once again the
basic assumptions made in the present paper. We have
established a relation between observable cosmological
data (the spectral index nS) and data coming from par-
ticle physics. This relation arises due to the fact that in
the modified (scalar-tensor) gravity in the early Uni-
verse the classical Friedmann evolution is essentially
modified by quantum corrections. These quantum cor-
rections depend on interaction couplings of SM particles
with the Higgs field, which plays the role of the infla-
ton in the model under consideration. To relate values
of these couplings measured at the electroweak scale
with their hypothetical values at the inflationary scale,
we have used the renormalization group formalism. We
did this in spite of the well-known non-renormalizability
of quantum gravity for two reasons. First, below a cer-
tain scale one can use an effective field theory and all
the participants of the related discussions agree that
this scale is not lower than MP/ξ. Second, for large
values of the scalar field (or, in other words, at high
energies), the theory possesses a scale invariance (see
also discussion of this point in [21,18]). It is this invari-
ance which defends us from an uncontrollable growth of
quantum corrections. The question then arises: is not
the transition between these two ‘safe’ regions of val-
ues of the scalar field dangerous? The hypothesis which
we make consists in the hope that the use of the con-
tinuous s-factor (see the section 3 and the comments
there) provides some kind of bridge between these two
regions, smoothly interpolating between low values of
the Higgs field, where the effective theory is valid, and
high values where the almost exact scale invariance is
present.
To summarize, the inflationary scenario driven by
the SM Higgs boson with a strong non-minimal cou-
pling to curvature looks very promising. This model
supports the hypothesis that an appropriately extended
SM can be a consistent quantum field theory all the way
up to the quantum-gravity regime and can in principle
yield a fundamental explanation of all major phenom-
ena in early and late cosmology [53,54]. Further study
of these issues can shed new light on the problem of
the range of validity of this model. Ultimately, it will
be the strongly anticipated confirmation of the recently
announced discovery of the Higgs particle at the LHC
and the more precise determination of the primordial
spectral index ns by the Planck satellite that might de-
cide the fate of this model.
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